On the category of normal embeddings of a group  by Cutler, D et al.
JOURNAL OF ALGEBRA 74, 55-75 (1982) 
On the Category of Normal Embeddings of a Group 
D. CUTLER, F. FLANIGAN, S. GALOVICH, 
D. HAYES, AND C. MISSEL 
Department of Mathematics, University of California, 
Davis, Davis, California 95616 
Communicated by I. N. Herstein 
Received February 29, 1980 
INTRODUCTION 
Let N be a group. How might one describe all occurrences of N as a 
normal subgroup of larger groups? More precisely, how might one classify 
the “normal embeddings” of N, that is, pairs (G, y) where G is a group and 
y: N-+ G is a monomorphism of N onto a normal subgroup of G? 
Here is an approach. Somewhat more vaguely and certainly more 
intruigingly, we ask: Under what conditions and in what senses does there 
exist one or more normal embeddings (H, 9) of our group N with the very 
strong property that if (G, y) is any normal embedding of N, then G is 
“essentially” a subgroup (or an extension thereof) of certain of these groups 
H? Clarifying this issue leads us to the search for the “extreme” normal 
embeddings (H, q) of N. Knowing the extreme normal embeddings (if any) 
tells us a great deal about all normal embeddings. 
In the present paper we offer a rather satisfactory answer to the above 
questions. Here are some highlights: 
(1) The normal embeddings of our group N constitute a category 
under a suitable definition of morphism (Section 1). 
(2) This category is partially ordered (modulo a natural equivalence 
relation) and the maximal objects in this ordering are the extreme normal 
embeddings mentioned above. 
(3) The category is closed under the taking of coproducts (essentially 
the free product with an amalgamated subgroup). It follows that if an 
extreme normal embedding exists, then it is unique modulo the aforemen- 
tioned equivalence relation (Section 6). 
(4) Our first main result: If our group N has trivial center, then it has 
a “unique” extreme normal embedding, namely that afforded by the familiar 
embedding N -+ aut N which sends elements of N to the corresponding inner 
automorphism (Section 4). 
55 
0021.8693/82/010055-21$02.00/O 
Copyright 0 1982 by Academic Press, Inc. 
All rights of reproduction in any form resenxd. 
56 CUTLER ET AL. 
(5) In sharp contrast, our second main result asserts that if the center 
of N is nontrivial, then iV has no extreme normal embeddings whatsoever. 
This dependence on the center does not seem obvious at the outset. We offer 
two proofs of this result, each somewhat specialized. Both proofs depend on 
the construction of “arbitrarily large” groups G containing a normal copy of 
N embedded in an essential way. The first proof (Section 7) involves free 
group methods, notably the construction of a rather particular weight 
function on the commutator sub.group of an arbitrary free group. Our second 
proof (Section 8) utilizes certain extensions of special linear groups obtained 
by the Steinberg symbol method of algebraic K-theory. We have been unable 
to conconct a proof of non-existence of extreme normal embeddings which 
uses only basic group theory, not even in the special case N is infinite cyclic. 
(6) In Theorem 4.4.1 we characterize those groups N all of whose 
normal embeddings are equivalent (and hence are obtained essentially by 
forming arbitrary direct products). This characterization amounts to the 
removal of a bothersome (and, as we see, superfluous) hypothesis from a 
basic result on complete groups due to Holder and Baer. 
(7) We show that the full subcategory of semidirect normal 
embeddings of N always has a unique extreme object, independent of 
whether the center of N is trivial (Section 5). Contrast (5) above. 
As just indicated, one can ask for extreme objects in certain natural 
subcategories of the category of all normal embeddings of N, for example, 
the semidirect normal embeddings, abelian ambeddings of an abelian group 
N, “Frattini embedding? or “Frobenius embeddings” of a nilpotent group N, 
and so on. We touch on some of this in Sections 1, 2, and 5, but much more 
remains to be done. 
Analogous questions about embedding a given algebra as an ideal in a 
larger unital algebra have been studied by Flanigan in [4]. 
1. DEFINITIONS AND QUESTIONS 
Let N be a multiplicative group. We will study categories whose objects 
are the following. 
1.1. DEFINITION. A normal submersion of N is a pair (G, y) where G is a 
group and y: N -+ G is a homomorphism whose image JJN is a normal 
subgroup of G. The normal submersion (G, y) is a normal embedding of N if 
y is a monomorphism. The normal submersion (G, y) is semidirect if YN is a 
normal semidirect factor of G, that is, there is a subgroup S of G such that 
every g E G has a unique representation g = xs with x E yN and s E S. 
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1.2. EXAMPLES. 
1.2.1. If f is an automorphism of N, then (N, f) is a normal 
embedding of N. 
1.2.2. If G is any group and 0: N -+ G the trivial homomorphism, then 
(G, 0) is a normal submersion of N. 
1.2.3. If H is any group, then the usual injection E: N+ N X H onto 
the first factor of the direct product yields a normal embedding (N X H, E). 
1.2.4. Let K: N + aut N denote the usual conjugation representation of 
N into its group of automorphisms, that is, K(JJ)X = yxy-' for y, x E N. 
Then (aut N, K) is a normal submersion of N. Moreover, it is a normal 
embedding of N iff N has trivial center. This is an important example. 
1.2.5. Let ho1 N = N >a ut N denote the holomorph, an external 
semidirect product with multiplication defined by (x, f)( y, g) = 
w-(YLf o g) f or x,yEN andfTgEautN. Then the maps z,v:N-+holN 
defined by z(n) = (n, id) and v(n) = (n-i, I) yield normal embeddings 
(ho1 N, r) and (ho1 N, V) of N. The first of these embeddings is clearly 
semidirect and it can be checked that the second is also. See 1.3.1 and 
Section 5. 
1.2.6. Now the special case N = C, = (x) is cyclic of finite order n. 
Let F be a field containing a primitive nth root [ of unity. Let G = SL(n, F) 
be the special linear group of degree n over F. Define y: N-t G by 
y(x’) = YI, where I is the n x n identity matrix. Then (G, y) is a normal 
embedding of N, since yN is the center of SL(n, F). This example will be 
seen to be very useful in studying the normal embeddings of C,. See 1.9 and 
Section 8. 
1.2.7. Exercise. Under what conditions on N does the diagonal map 
6: N + N x N: n ti (n, n) yield a normal embedding (N X N, 6) of N? 
Other important examples of normal embeddings will be given in 
Exercise 1.11 and in Sections 2, 7, and 8. 
Now we introduce the morphisms which we use to organize and compare 
normal submersions of our group N. 
1.3. DEFINITION. Let (G, y) and (H, v) be normal submersions of N. 
A morphism from (G, JJ) to (H, q) is a commutative triangle 
G 
Y 
/ 
N q 
\ ” 
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in the category of groups and group homomorphisms. We denote this by 
(G, y) --t (H, v) or qz (G, y) -+ (H, v). This morphism is said to be an 
isomorphism if q is an isomorphism of groups. We write (G, y) z (H, q) if 
such an isomorphism exists. 
Note that the embedded image yN of N does not determine the normal 
embedding (G, y) up to isomorphism. See Exercise (iv) below. 
1.3.1. Exercises on morphisms. (i) If (N, f) is the normal embedding 
of Example 1.2.1 and (G, y) is any normal submersion of N, then there is a 
morphism (N, f) + (G, r). 
(4 If P: (G, Y> + (ff, rl) is a morphism of normal embeddings of N, 
then the kernel of ~7 intersects the subgroup yN trivially. 
(iii) If v is an automorphism of the group G, then (G, y) g (G, v o y). 
(iv) Iff E aut N, then the normal submersions (G, y) and (G, y 0 f) of 
N need not be isomorphic, not even if they are normal embeddings. The two 
submersions will be isomorphic if and only if the function yN-, yN given by 
y(n) t--+ y(f(n)) extends to an automorphism of G. Roughly speaking, two 
normal embeddings (G, v) and (G, y of) are isomorphic if and only if the 
automorphismf of N extends to an automorphism of G. 
(v) The normal embeddings (ho1 N, r) and (ho1 N, v) of Example 1.2.5 
are isomorphic (by virtue of an automorphism of ho1 N having period two.) 
(vi) In Example 1.2.6, do different choices of the primitive nth root of 
unity yield isomorphic normal embeddings of the cyclic group C,? 
(vii) What does the existence of a morphism (G, y) -+ (N,f) (see 
Example 1.2.1) imply for the normal submersion (G, y)? 
1.4. Notation-Assertion. Let .d ;Y(N) be the category whose 
objects are the normal submersions of the group N and whose morphisms are 
as defined in 1.3. We also discuss certain full subcategories of. &;Y (N), as 
follows. 
Let ~ @-8’(N) be the full subcategory of . KY (N) whose objects are the 
normal embeddings of N. 
Let ~YQ?J.A’?4o(N) be the full subcategory of .&:Y(N) whose objects are 
the semidirect normal submersions of N. 
Let ,i”a%,Y”8(N) be the full subcategory of. Kg(N) whose objects are the 
semidirect normal embeddings of N. 
These are the categories of interest in the present paper. (But see also 
Sections 2 and 3.) However, the reader can invoke other categories of 
embeddings of suitably conditioned groups, for example, the “Frattini 
embeddings” of a nilpotent group N, etc. 
It is a basic tenet of this investigation that the isomorphism relation g is 
too restrictive to afford a clarifying insight into the structure of ~ fl%Y’(N) and 
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its interesting subcategories. Thus we seek a language in which, for instance, 
any two embeddings (N x H’, E’) and (N x H”, E”) obtained by forming 
direct product are regarded as “the same” or equivalent, even if 
nonisomorphic, since each conveys the same information about the 
possibility of embedding N. Our approach makes considerable use of the 
transitive relation < and the equivalence relation - to be defined now. 
Throughout this paper %Y will denote a subcategory of /‘P’(N). 
1 S. DEFINITION. Let (G, y) and (H, q) be in %‘. We say (G, JJ) is less 
than (H, q) in P, denoted (G, y) < (H, q), if there is a morphism 
(G, y) -+ (H, q) in P. We say (G, y) and (H, q) are equivalent in @?‘, written 
(G, y) - (K rl), if both (G Y) < (K v) and WY II) < (G Y> in g. 
One readily checks that - is in fact au equivalence relation in the class of 
objects of %. 
Note also that the relation < is reflexive and transitive but may fail to be 
antisymmetric. Hence < need not provide a partial ordering in the usual 
sense of the term. However, if “/- denotes the quotient category of %Y 
relative to equivalence, then the relation < in %Y will induce a partial 
ordering in V/-. Nonetheless, we usually prefer to speak of equivalence in 
‘V rather than equality in i”/-. 
We remark also that the categories g discussed in the present paper will 
be full subcategories of P:Y(N). In this case the relations < in V are 
precisely those which hold in . &IV’(N). 
1.6. Exercises. (0 If G r> -C (K ‘?I in . /P;Y (N) and (H, q) is in fact a 
normal embedding of N, then (G, y) is also a normal embedding. The 
converse is false. 
(ii) If in the above (H, 17) is in fact a semidirect normal embedding, 
must (G, y) be likewise? See Section 5. 
(iii) If (G, y) is equivalent o a normal embedding, then it is a normal 
embedding. 
(iv) Which normal embeddings are equivalent to (N,f)? See 
Example 1.2.1 and 1.10 below. 
(v) For which groups N are all normal embeddings equivalent? See 
4.4. 
(vi) (N X H’, E’) - (N x H”, E”). See Example 1.2.3. More generally, 
if (G, y) is any normal submersion of N, then (G x H’, y’) - (G x H”, y”). 
Here H’, H” are arbitrary groups and y’ is the obvious composite 
N+ G+ G x H’, etc. 
Throughout this paper our main question for a subcategory 9 of interest 
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will be the existence, uniqueness, and description of its “extreme”objects in
the following sense. 
1.7. DEFINITION. An object (H, ‘I) in g is extreme in %Y if 
(H, v) < (G, y) in g implies (G, y) N (H, q) in g. 
Thus (Z-Z, v) is extreme in 0 iff its equivalence class in @‘/- is a maximal 
element in the usual sense of the partial ordering induced by <. We speak of 
“extreme” normal embeddings, rather than “maximal” normal embeddings, 
to avoid confusion with maximal subgroups, which is quite a different issue. 
1.8. EXAMPLE. The extreme objects of NY(N) are precisely the trivial 
submersions (G, 0) defined in 1.2.2. These trivial submersions comprise a 
single equivalence class in the sense of the relation N. 
We will see in the sections below that the question of extreme objects is 
rather more complicated in the case of normal embeddings of N. The 
following example gives some indication of this. 
1.9. EXAMPLE. What are the extreme normal embeddings of the finite 
cyclic group N = C, ? We shall answer this in Sections 6 and 8. For the 
moment, however, let us prove that there cannot exist a normal embedding 
(H, r,r) of C,, n > 2, with the very strong property that every normal 
embedding (G, 7) of C, satisfies (G, r) < (H, v). (Such an (H, q) would of 
course be extreme in J’X(C,) and, modulo equivalence, uniquely so.) 
For assume such an (23, q) exists. Form (G, y) = (SL(n, F), y) as in 
Example 1.2.6, choosing the field F so that card(F) > card(H). Thus surely 
card(G) > card(H). It follows that if 9: (G, y) -+ (H, q) is a morphism of 
normal embeddings, then the homomorphism rp: SL(n, F) + H has non-trivial 
kernel. But by [2, p. 1651, the proper normal subgroups of SL(n, F) are 
contained in its center, which is yN. Thus opy: N -+ H has a non-trivial kernel. 
But o,y = q, which is a monomorphism. The contradiction proves our 
assertion. 
At this point it still appears logically possible that C, admits one or more 
extreme normal embeddings in the sense of 1.7. We will use the coproduct 
construction in Section 6 to rule out this possibility. 
1.10. The question of minimal submersions. The reader notes that 
we have not introduced “minimal” normal submersions and embeddings of N 
using the relation < in analogy with extreme objects. In the reasonable 
categories defined in 1.4 the search for minimal objects is much simpler than 
the search for extreme objects. Let us dispose of it now informally, as an 
exercise. 
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1.10.1. Given a normal embedding (N, f) of N with f an 
autombrphism of N (see 1.2.1) and any normal submersion (G, y) of N, then 
(N, f) < (G, y). Note in particular that (N, f) < ({0}, 0). 
1.10.2. If (G, y) - (N,f) as above, then in fact (G, y) g (N x H, E) for 
some group H and injection E as in 1.2.3. 
1.10.3. Conclude that there is, modulo the relation of equivalence, a 
unique minimal normal submersion (actually an embedding) of N, essentially 
obtained by forming direct products. 
Note that the present discussion and 1.8 together serve to locate the 
Examples 1.2.1, 1.2.2, and 1.2.3 within the theory. The remaining examples 
will have larger roles to play in what follows. 
1.11. Exercise: Another construction of normal embeddings. Let N be 
given us usual. Suppose there is a group S containing a normal subgroup T 
which admits a homomorphism <: T + Z(N) into the center of N. Form the 
direct product N x S and its subgroup 
K = {(r(t), t- ‘) 1 t E T}. 
If furthermore the map r is constant on S-conjugacy classes in T, that is, if 
{(sts- ‘) = c(t) for all t E T and s E S, then the subgroup K is normal in 
N x S. In this case, form the group 
G=(NxS)/K 
and let y: N + G be the obvious composite 
N+NxS+(NxS)/K=G. 
Then (G, y) is a normal embedding of N. 
Note that any embedding of N into the center of a group G (see 1.2.6) is 
of this form. Astute choice of S, T, r can yield useful embeddings of N, see 
Section 7 and 8. 
Note also that this construction yields precisely those normal embeddings 
(G, y) of N in which G is generated by the subgroup yN together with its 
centralizer in G. 
2. AN ABELIAN THEORY 
Before addressing our main task of describing the extreme objects in the 
category .Hg(N), we offer a familiar example of a search for extreme objects 
in another category of embeddings. 
62 CUTLER ET AL. 
Let N be an abelian group, and denote by @ the full subcategory of 
<HZ’(N) consisting of those embeddings (G, y) of N with G abelian. 
Now let D be the injective, or divisible, hull of N with embedding 
6: N -+ D. Then (D, S) is extreme in @. For if (G, y) is in 6Y, then the injec- 
tivity of D implies the existence of a group homomorphism q: G + D such 
that 6 = p o y. This yields a morphism 
v: (G, Y) -, UA 4. 
Thus we have (G, y) < (D, 8). It follows that any extreme object of @! is 
equivalent in the sense of Definition 1.5 to the embedding (D, 8). We 
summarize as follows. 
2.1. THEOREM. Let N be an abelian group and @ the subcategory of 
embeddings of N into abelian groups as defined above. Then 0’ has an 
extreme object (D, 6) afforded by the embedding of N into its injective hull. 
Moreover, (D, 6) is unique up to equivalence. 
Curiously enough, it will be an immediate consequence of the main 
theorem of Section 7 that if N is abelian and nontrivial, then the category 
.X??(N) of normal embeddings of N into arbitrary groups has no extreme 
objects. 
2.2. Question. If N is abelian, what are its embeddings as maximal 
abelian normal subgroup? 
3. ON SUBMERSION BY INNER AUTOMORPHISMS 
We now point out a universal property of the submersion (aut N, K) of an 
arbitrary group N. See Example 1.2.4. 
3.1. DEFINITION. A normal submersion (G, y) is a split central 
submersion if (i) ker y is contained in the center of N and (ii) ker y is a direct 
factor of N. 
Note that every normal embedding of N is split central. 
3.2. THEOREM. Let (G, y) be a split central submersion of an arbitrary 
group N. Then there is a morphism 
y”: (G, y) + (aut N, K) 
of submersions of N. 
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ProoJ We define y#: G -+ aut N as follows. We have N = K x M, where 
K = ker y and M is a direct complement to K. 
For g E G and n = km in N for uniquely determined k E K and m E M, 
define y”( g)n = y”(g) km = k6( gy(m) g-l). Here 6: y(M) + M is the 
“inverse” of the restriction of y to the subgroup M of N, Q(m)) = m. One 
checks immediately that y# is a homomorphism and that y” o y = K. This 
completes the proof of the theorem. 
3.3. Exercise. Suppose N has trivial center. Prove that if 
is a short exact sequence of groups with S simple, then either the sequence 
splits in the strong sense that G z N x S, or else G is isomorphic to a 
subgroup of aut N. Hint: ker y# has trivial intersection with yN, which equals 
ker rc. 
This result was prompted by a question of T. Tamura (private conver- 
sation) concerning extensions of alternating groups S = A, by symmetric 
groups N = S, and dihedral groups N = D, with m odd. 
4. EMBEDDINGS OF A GROUP WITH TRIVIAL CENTER 
In this section we describe the extreme normal embeddings in case our 
group N has trivial center. Then we go on to characterize those groups N all 
of whose normal embeddings are equivalent. In both of these results the 
normal embedding (aut N, rc) plays a crucial role. 
4.1. THEOREM. Let the group N have trivial center. Then 
(i) every normal embedding (G, y) of N satisfies (G, r) < (aut N, K); 
(ii) (aut N, K) is an extreme normal embedding of N and is equivalent 
to every extreme normal embedding of N. 
Proof Statement (i) follows from Theorem 3.2 and the fact that a 
normal embedding is split central. 
Statement (ii) follows from statement (i) and the observation that 
(aut N, K) is an embedding if and only if N has trivial center. This proves the 
theorem. 
4.2. Comment. Though it might not be apparent at the moment, the 
theorem above is best possible in the sense that a group N with nontrivial 
center has no extreme normal embeddings. This latter result is much more 
difficult to prove. See Sections 7 and 8. 
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Actually, Theorem 3.2 yields a generalization of Theorem 4.1 to the case 
where the center of N is a direct factor of N, that is, N = Z(N) x M, where 
M is a subgroup of N. In this case, (aut N, K) is itself a split central 
submersion of N. 
4.3. THEOREM. Let N = Z(N) x M as above. Then the full subcategory 
consisting of split central submersions of N has (aut N, tc) as extreme object, 
unique up to equivalence. 
4.4. Application. Now we may settle the natural test question “Which 
groups N are such that all their normal embeddings are equivalent?” Our 
answer leads to the sharpening of a basic result on complete groups due to 
Holder and Baer. This requires a fair amount of work. See the first few 
paragraphs of the proof below for historical background. 
4.4.1. THEOREM. Let N be group. Then the following statements are 
equivalent: 
(i) all normal embeddings of N are equivalent in the sense of -; 
(ii) tf (G, y) is a normal embedding of N, then the subgroup yN is a 
direct factor of the group G; 
(iii) the group N is complete. 
Recall first that the group N is termed complete if and only if the map 
K: N+ aut N is an isomorphism of groups. See [9, p. 941. 
Proof of the theorem. The logical equivalence of statements (i) and (ii) 
was established in 1.10. 
The implication (iii) * (ii), attributed by Burnside [3, $701 to Holder 
(1895), follows readily from 4.1 above. Note that we get the direct product 
decomposition G = (?N) x (ker 7”). 
Now we deal with the implication (ii) 3 (iii). Schenkman [9, p. 961 
attributes this implication to Baer, but only under the additional hypothesis 
in statement (ii) that N has trivial center. We of course wish to avoid this 
hypothesis, since our aim is to study the class of embeddings of an arbitrary 
group N. 
An obvious place to look for normal embeddings of an arbitrary group N 
in which the embedded copy of N is not merely a direct factor is the 
embedding (ho1 N, I) into the holomorph. See Example 1.2.5. This prompts 
the following useful result. 
LEMMA. Let N be a group. Then (holN, r) - (N, id) o N is one of the 
following two types: 
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(a) N is complete, 
(b) NE C, x K, where K is a complete group having no subgroup of 
index two. (This includes the possibility N z C, .) 
Proof of the lemma. (c) (a) If N is complete, then the implication 
follows as in the proof of (iii) =S (ii) in Theorem 4.4.1. 
(b) If N g C, x K where K has trivial center, then one readily checks 
that aut N is generated by the automorphisms of K, extended in the obvious 
way to automorphisms of N, together with any automorphisms 
f, : C, x K - C, x K: (x, Y) ++ @J(Y), Y), 
where x E C,, y E K, and 0: K + C, is an epimorphism of groups. It follows 
that if K has no subgroup of index two, then aut N = aut(C, X K) E aut K. 
Moreover, if K is complete, then aut K E K. 
Thus in case (b) we have holNg(C, X K)>a K=C, X (K >a K)= 
C, x (K x L) = (C, x K) x L = N x L, where L is a direct complement to 
the complete normal subgroup K >a { 1 } of K >Q K. This shows (ho1 N, z) < 
(N, id) in case (b). The implication (ti) follows immediately. 
(=s) We are given (ho1 N, I) < (N, id), thanks to a morphism 
IC/: (ho1 N, I) + (N, id). We will study the structure of N by describing the 
subgroup K = w( {eN} >a aut N). Here e, is the identity element of N. 
The key is to note that if f E aut N and x E N, then 
(e, , f >(x, id>@,, f - ’ > = (f(x), 4 
in ho1 N. If we map this equation via IC/ into N, then we get 
VfXCVf) - ’ = f (XX 
where vr= v(e,, f) in the subgroup K of N. This has the following conse- 
quences: 
(1) every automorphism f of N is inner; 
(2) the map I,V, when restricted to the subgroup {eN} >a ut N, is 
injective and induces a monomorphism aut N -+ N, 
(3) the subgroup K of N has trivial intersection with the center Z(N) 
of N. 
It follows by a standard argument hat in fact 
(4) N=Z(N)xK; 
simply use the fact that if y E N, then y = zyl(e,, K(Y)) where z E Z(N) is 
defined by this equation. 
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Now we push further. Since every automorphism of N is given by an inner 
automorphism determined by an element of K (see (1) above), it must be the 
case that aut Z(N) is trivial. Thus either Z(N) is trivial or Z(N) g C,. 
If Z(N) is trivial, then N = K and so is complete by (2). This is case (a) of 
the statement. 
If Z(N) z C,, then N z C, x K. Since aut N&z K and the isomorphism 
here is due to inner automorphisms determined by elements of K, it follows 
that K itself is complete and, moreover, admits no epimorphism u: K + C, 
(see the proof of (+) above). Thus K has no subgroup of index two. This 
yields case (b) of the statement. This completes the proof of the lemma. 
Now we may proceed with the implication (ii) * (iii) in Theorem 4.4.1. 
Statement (ii) assures us in particular that (ho1 N, I) - (N, id). The preceding 
lemma thereby assures us that N must be either complete or C, x K as in 
case (b). But N cannot be C,, because C, is not a direct factor of 
G = X(2, F) when it is embedded as the center of SL(2,F) as in 
Example 1.2.6. For a similar reason, N cannot be C, X K with K nontrivial, 
for this latter group has an obvious normal embedding iven by 
&C,xK+SL(2,F)xK 
and one readily checks that if the field F is sufficiently large, then there is no 
morphism w: (SL(2, F) x K, S) + (C, x K, id). It follows that N must be 
complete. This finishes the proof of Theorem 4.4.1. 
We single out a corollary for which we were not able to tind a brief, 
elementary, “constructive” proof. (But see Sections 7 and 8.) 
4.4.2. COROLLARY. Let N be a group with nontrivial center. Then there 
exists a group G which contains an isomorphic copy of N as a normal 
subgroup which is not a direct factor of G. 
4.4.3. EXAMPLES. The following groups are known to be complete 
[9, p. 961, and thereby have all of their normal embeddings equivalent: 
(i) N = aut S, where S is a simple non-abelian group; 
(ii) N = hol(C,.) with r odd; 
(iii) N = S, = the symmetric group of degree n, provided n > 3 and 
n # 6. 
4.4.4. Exercise. Describe the normal embeddings of the alternating 
group N = A,. Recall that aut A, r S, provided n > 4 and n # 6. 
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5. ON SEMIDIRECT NORMAL EMBEDDINGS 
We offer two results. First, the subcategory 9’~J%Y(N) (Section 1.4) 
occupies the “bottom” of the category <H&Y(N) in the sense that any normal 
embedding which is less than (< ) a semidirect normal embedding is also 
semidirect. (This is not true for submersions in general, however.) Also, we 
describe the unique extreme object of ,9’9JLN’8’(N). 
5.1. LEMMA. Let (G, y) be a normal submersion and (H, q) a semidirect 
normal submersion of a group N. Suppose 9~: (G, y) -+ (H, q) is a morphism 
such that (D induces an isomorphism of yN with vN. Then (G, y) is semidirect 
also. 
ProoJ We have H = (qN) >a L ( see Definition 1.1). Define S = p - l(L), a 
subgroup of G. We claim that G = (yN) >a S. To see that yN and S generate 
G, let g E G. Then p(g) = yw uniquely, with y E ?N and w E L. Let x E yN 
be the unique element such that p(x) = y. Put u = x-‘g, so that g = xu. But 
u E S, since q(u) = w E L. Thus yN and S generate G. 
It remains only to check that (yN) n S is trivial. But s E (yN) n S implies 
p(s) E @yN) n q(S) = (UN) n L, which is trivial by hypothesis. Thus 
(D(S) = e, y the identity element of H. But the restriction of q to yN is an 
isomorphism. Thus s = ec. This proves the lemma. 
5.2. EXAMPLE. Note that every normal submersion (G, y) < ({0}, 0), and 
that ({O), 0) is semidirect. This shows that some restriction on the map rp, as 
in the statement of the lemma, is necessary. 
The following theorem answers Exercise 1.6(ii). 
5.3. THEOREM. Let (G, y) < (H, 9) in J’%(N). Suppose the normal 
embedding (H, II) is semidirect. Then the normal embedding (G, y) is also 
semidirect. 
Proof. Let ~1: (G, y) + (H, r) be the given morphism. Check that a, 
induces an isomorphism yN -+ qN. Applying Lemma 5.1 completes the proof 
of the theorem. 
We have already described the extreme objects of the category a, when N 
is abelian (Section 2): and of the category J%%‘(N), at least when the center 
of N is trivial (Section 4). Now we do the same for .YgMZ’(N) for an 
arbitrary group N. See Example 1.2.5. 
5.4. THEOREM. Let N be a group. Then (ho1 N, z) is an extreme object of 
the category , Y’C &X(N) of semidirect normal embeddings of N. Moreover, 
it is unique up to equivalence. 
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Proof: Let y: N--f G = yN >a S give a semidirect normal embedding of N. 
Define 6: yN+ N by &y(n)) = n for all n E N. Next define IJK S + aut N by 
(lys)n = G(sy(n) s-l). 0 ne checks that w is a homomorphism of groups. 
Having this, one defines rp: G -+ ho1 N by rp( s> = co(r(n)s) = (n, v(s)) and 
checks that v, is a homomorphism. This enables us to define the morphism 
IJX (G, y) --+ (ho1 N, I). Thus every semidirect normal embedding satisfies 
(G, y) < (ho1 N, I). The result follows as in the proof of 4.1. This completes 
the proof of the theorem. 
6. COPRODUCTS AND A UNIQUENESS THEOREM 
Now we point out that J’%(N) is a category with coproducts and use this 
to prove that any two extreme normal embeddings of a group N are 
equivalent in the sense of Definition 1.5. 
Let { (Gi, yJ ] i E I} be an indexed family of normal embeddings of our 
group N. Let G be the free product of the groups G, amalgamated over the 
(isomorphic) normal subgroups yiN. See [6, pp. 29-331. 
As usual, there is a monomorphism y: N --t G and monomorphisms 
si : Gi -+ G so that y = si yi for each i E I. 
This construction has some immediate consequences. 
6.1. LEMMA. With the notation above, 
(i) (G, y) is a normal embedding of N, 
(ii) (G, y) is the coproduct of the family { (Gi, yi) 1 i E I) in the 
category AT(N). 
Proof: Statement (i) follows from the fact that yN is normal in G because 
yiN is normal in Gi for each i E I. 
One checks statement (ii) by noting that for each i E Z there is a 
morphism (idN, si): (Gi, yi) + (G, y). The universal property of the coproduct 
[ 1, p, 411 follows from the analogous universal property of the amalgamated 
product of the Gi. Done . 
In particular, we have (Gi, yi) < (G, y) for all i E I. 
Now suppose that J’??(N) has an extreme element (G,, yO) and let 
(G,, y,) be any normal embedding of N. If (G, y) is the coproduct of these 
two embeddings, then we have (G,, yO) < (G, y). But, by hypothesis, (G,, yO) 
is extreme, so that also (G, y) < (G,, y,J. Since (G,, yi) < (G, y), we have by 
transitivity that (G,, y,) < (G,, yO). The proof of the following theorem is 
now immediate. 
6.2. THEOREM. Zf the category , C?(N) has an extreme element (G,, yO), 
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then every normal embedding (G,, JJJ of N satisfies (G,, r,) < (G,, yJ. In 
particular, any two extreme normal embeddings of N are equivalent. 
Compare Section 4. Our only example thus far of an extreme normal 
embedding is (aut N, K) in the case N has trivial center. And (aut N, K) was 
shown in Theorem 4.1 to be unique up to equivalence in this case. No 
coproducts were involved, however. 
In the next section we will use Theorem 6.2 to prove that N has no 
extreme normal embeddings if the center of N is nontrivial. 
6.3. Comment. An analogue of Theorem 6.2 would hold in any full 
subcategory of I -F(N) which is closed under the taking of (finite) 
coproducts. 
7. THE MAIN THEOREM 
Now we settle the question of extreme lements in the category J%(N) of 
normal embeddings of an arbitrary group N. See Section 1. 
7.1. THEOREM. Let N be a group. Zf the center of N is trivial, then N has 
an extreme normal embedding (aut N, K) which is unique up to equivalence. 
On the other hand, if N has a nontrivial center, then N has no extreme 
normal embeddings. 
The case of N with trivial center was handled in Section 4. The proof of 
the second statement which we now give involves the construction of certain 
“arbitrarily large” normal embeddings of N by means of free groups having 
appropriate free bases. In Section 8 we shall offer another approach to the 
second statement of Theorem 7.1, this one involving extensions of certain 
special linear groups. 
Proof of Theorem 7.1. Suppose N has nontrivial center. Assume that 
(H, v) is an extreme normal embedding of N. By Section 6, (H, q) > (G, y) 
for every normal embedding (G, y) of N. On the other hand, by Lemma 7.2, 
N has a normal embedding (G, y) which admits no morphism (G, y) -+ (H, f,r) 
(simply chose the cardinal c > card(H) in Lemma 7.2). This contradiction 
proves the theorem. 
7.2. LEMMA. Let the group N have nontrivial center Z(N). Let c be any 
cardinal number. Then there exists a normal embedding (G, y) of N such that 
(i> if v,: (G, Y) + (4 v) is any morphism of normal embeddings of N, 
then the image p(G) has cardinal@ > c; 
(ii) the commutator subgroup [G, G] c yN. 
70 CUTLERET AL. 
We remark that we actually prove a somewhat stronger result. Namely, 
the conclusion of statement (i) holds if merely the restriction of q to the 
embedded image y(Z(N)) is injective. 
Proof of Lemma 1.2. The idea is to define G = (N x F)/K where F is the 
free (non-abelian) group on a set S of cardinality > c and K is a suitable 
normal subgroup of N x F to be constructed below. The map y: N--t G will 
be the obvious composite N -+ N x F -+ (N X F)/K. It will be an embedding 
because the subgroup K will be seen to have trivial intersection with 
N x {e,}. See 1.11. 
We obtain K as follows. Form F’ = [F, F], the commutator subgroup of 
F. Define 
K = { (zwCX), x)ENxFlxEF’}, 
where z is a fixed non-identity central element of N and w: F’ + Z is the 
group epimorphism obtained in Lemma 7.3. Note that K is a subgroup of 
N x F because o is a homomorphism and, moreover, K is a normal 
subgroup because z is central in N and also o(Jxf -‘) = o(x) for all x E F’ 
and f E F. (This construction paragraph of o is the only delicate part of the 
entire proof.) 
It is immediate from the preceding that the intersection of K with N X {e,} 
is trivial. 
Now we prove statement 7.2(i). Let S = {sj 1 j E J} be an ordered free 
basis for F. Let sj + gj under the obvious composite F + N X F -+ G = 
(N x F)/K. We assert that if rp: G--t H satisfies q@(z)) # e,,, then a, is 
injective when restricted to the subset { gj ] j E J} of G. For if q( gi) = rp( gj) 
with Si < sj in S, then q( [ gi, gj]) = eH. But [ gi, gj] = Y(Z) in G, by definition 
of K (see statement 7.3(i) below), so that cp(y(z)) = e,, a contradiction. It 
follows that 
card@(G)) > card( {rp( gj) 1 j E J}) = card(S) 2 c, 
as asserted. 
Statement 7.2(ii) is immediate from the definition of K in terms of F’. 
Thus, given Lemma 7.3, the proof of 7.2 is complete. 
All the necessary technical work with free groups is concentrated in the 
following result. 
7.3. LEMMA. Let F be the free group on the ordered set (S, <) and let 
F’ be its commutator subgroup. Then there exists a unique group 
epimorphism CO: F’ + Z such that 
(i) o([si, sj]) = 1 for sj < si in S, 
(ii) o(fxf -‘) = w(x)for all x E F’, f E F. 
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Proof: We obtain the map w as a composite 
F’ -+ F’/[F, F’] -+ Z 
as follows. 
The first arrow here is the natural epimorphism onto F’/[F, F’]. 
For the second arrow, we use the fact, argued below, that the group 
F’/[F, F’] is free abelian with a Z-basis given by the set of cosets 
uij = [si, sj] [F, F’] 
with sj < si in S. Granted this fact, and writing F’/[F, F’] additively, we take 
as our second arrow F’/[F, F’] + L the “augmentation” which sends the 
typical element C nijaij (finite sum) with nij E Z to the integer C nij . One 
readily verifies that w so defined is the unique map satisfying (i) and (ii) of 
the statement. 
Thus the proof of Lemma 7.3 has been reduced to showing that the group 
F’/[F, F’] is free abelian on the set of all oij with sj < si as defined in the 
preceding paragraph. To show this, note first that these oij generate the Z- 
module F’/[F, F’], essentially because the commutator subgroup F’ is 
generated by the set consisting of all “elementary” commutators [si, sj] with 
sj < si together with their conjugates by elements of F. It remains therefore 
only to show that the set of all oij with sj < si in S is L-independent. But this 
reduces immediately to the case where S is a finite set, and in this case Z- 
independence is a consequence of the general result [5, Theorem 11.2.4; 7, 
Theorem 5.12, Corollary 5.121 on quotients of the lower central series of a 
free group. This completes the proof of Lemma 7.3. 
8. AN ALTERNATE CONSTRUCTION 
In this section we offer a different proof of the fact (see 7.1) that a group 
N with nontrivial center has no extreme normal embeddings. As in Section 7, 
the idea is to construct an “arbitrarily large” group G which contains a copy 
of N as normal subgroup and which has “few” other normal subgroups (in a 
suitable sense). In Section 7 this construction utilized the free group on an 
“arbitrarily large” set. In the present section we utilize a special inear group 
over a sufficiently large field or. when necessary, anon-split extension of this 
group. Producing this extension involves us with some algebraic K-theory 
and Steinberg symbols. 
We begin the proof by assuming that (H, q) is an extreme normal 
embedding of our group N. By 6.2, (H, q) has a very strong property: if 
(G, r) is any normal embedding of N, then we must have (G, y) < (H, r). 
Thus G admits a homomorphism cp: G -+ H whose kernel has trivial inter- 
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section with the embedded copy yN and, moreover, card(G/ker ~0) < card(H). 
It is this last statement that we shall contradict. 
Now we consider cases. Things are fairly elementary if the center of N 
contains a nontrivial torsion element (cases 1 and 2). In these cases, the well- 
known structure of X(n, F) is sufficient for our purposes. 
Case 1 
Let N be cyclic of order n > 1. As in Example 1.2.6, the group N embeds 
as the center of G = SL(n, F), provided the field F contains a primitive nth 
root of unity. Moreover, Example 1.9 shows that if we choose 
card(F) > card(H), then G admits no homomorphism into H whose kernel 
has trivial intersection with the center of G. Contradiction. Thus a finite 
cyclic group N has no extreme normal embeddings. See 1.9. 
Case 2 
The center of N contains an element x of finite order n > 1. This 
generalizes Case 1. The key is to define (G, y) by 
G = (N x SL(n, F))/K, 
where K is the central subgroup 
K = ((x’, c-‘I,)) r= 0, l,..., n - 1). 
Here [ is a primitive nth root of unity in the field F, etc., as in 
Example 1.2.6. Now obtain y: N-+ G as the obvious composite 
N -+ N x SL(n, F) -+ (N x SL(n, F))/K = G 
and check that y is in fact an embedding and that the image yN is normal in 
G. See 1.11 for a generalized construction. 
We continue by noting that G also contains an embedded isomorphic copy 
of Sl;(n, F). Let S denote this copy. Since (G, y) < (H, v), as in the second 
paragraph of this section, there is a homomorphism (D: G -+ H whose kernel 
avoids yN. But yN is the center of S. By the same argument as in 1.9, the 
kernel of fp must avoid S. Thus H contains an isomorphic copy of S, that is, 
of SL(n, F). But we may choose F, and therefore S, to be arbitrarily large. 
Contradiction. This completes the proof in Case 2. 
The remaining cases are concerned with N having a nontrivial center 
which is torsion-free. Now of course there is no hope of finding a copy of 
part of the center of N as a normal subgroup of some SL(n, F). However, we 
would like to retain SL(n, F), for it has two virtues which we prize: its 
normal subgroups are known, and its cardinality can be made large by 
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choosing the field F large. Thus we are led to seek extensions of SL(n, F) of 
an appropriate type. 
Case 3 
The group N is infinite cyclic. We will produce in the paragraphs below a 
non-split exact sequence of groups 
l-+N~G~SL(3, F)+ 1, (*I 
where ylv is central in G and card(F) > card(H). 
Granting for the moment the existence of such a sequence, we reason as 
follows. Since (G, y) is a normal embedding of ZV, we must have 
(G, y) < (H, v), and so there is a homomorphism p: G -+ H whose kernel 
avoids ylv. It follows that rc(ker cp) is a normal subgroup of SL(3, F) and is 
isomorphic to ker rp. Now ker v, is not a finite group, because surely 
card(G) > card(SL(3, F)) > card(H) > card(G/ker rp). It must be the case 
therefore that n(ker 9) is all of SL(3, F). This in turn means that G is a 
direct product (yN) x ker p, and so surely the sequence (*) splits, in 
contradiction to our hypothesis that (*) may be chosen non-split. 
Thus we may conclude that an infinite cyclic group NE B has no extreme 
normal embeddings once we produce the sequence (*). To produce (*) we 
will now use certain results of algebraic K-theory which are conveniently 
found in [8, Chap. 111. Let us summarize these results. 
If F is any field and A is a multiplicative abelian group, then a Steinberg 
symbol on F with values in A is a mapping 
c:F* xF*-+A 
which is bimultiplicative and satisfies c(t, 1 - t) = 1 for t # 1 in the 
multiplicative group F* = F - (0). Crucial to us is the fact [8, p. 951 that the 
family of Steinberg symbols on F with values in A is in one-one correspon- 
dence with short exact sequences of groups 
l+A-+G+SL(n,F)-+l, 
where n > 3 and A is central in G. Here the trivial Steinberg symbol with 
c(s, t) = 1 for all s, t E F* corresponds to the split exact sequence in which 
G is isomorphic with A x SL(n, F). Thus Case 3 is settled if we exhibit a 
field F having card(F) > card(H) and a nontrivial Steinberg symbol on F 
with values in Z g N. We turn to this now. 
Let A be an index set with card(A) > card(H). To each A E A assign an 
indeterminate X,. Let F = (2/22)(X, 1 A E A) be the usual field of rational 
functions in the indeterminates X, having coefficients in 2/2;2. 
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Now fix ,u E A and let v be the valuation on F determined by X,, , that is, 
if f(X) = P(X)/Q(X) E F where P(X) and Q(X) are polynomials in the X,, 
then v(f) = v(P) - v(Q), w h ere v(P) = m if P(X) = XzP,(X) and X,, does 
not divide the polynomial P,(X), etc. Note that v(P) = 0 if and only if P, 
when written as a polynomial in the single indeterminate X,, having coef- 
ficients in the subfield F’ = (2/22)(X, ] 1 E A - {,u)), has a non-zero 
constant term. 
Next define d: F* x F* + (F’)* by 
This so-called “tame symbol” on F is actually a Steinberg symbol [S, p. 981. 
Since F’ is the field of fractions of the unique factorization domain 
T= (Z/2Z)[X, E A - {,u}], the multiplicative abelian group (F’)* has the 
decomposition 
(f”)* = U V’(X)>, 
where the weak direct product is taken over the family of prime polynomials 
in T and (P(X)) is the infinite cyclic group generated by the polynomial 
pm. 
Now fix 1 E A - {,D}. Without loss of generality, the monomial X,% is one 
of the prime polynomials P(X) of the preceding paragraph. Let 
p: (F’)* -+ (X,) be the usual projection guaranteed by the above decom- 
position of (F’)* and let q: (XA) + Z be an isomorphism. It follows easily 
that c = q o p o d is a non-trivial Steinberg symbol on the field F with values 
in Z. This completes the argument in Case 3. 
The reader may prefer the following slick derivation of (*) which was 
suggested by the referee. The universal coefficients theorem implies that since 
[SL(3, F’), SL(3, F’)] = SL(3, F’) (at least for sufficiently large fields F’), 
H’(SL(3, F’)), Z) z Hom(H,(SL(3, F’)), Z) 
E Hom(K, F’, Z). 
If F’ is taken to be the field F described in the preceding paragraphs, then 
one sees from the exact sequence in [8, p. 1061 that K,F has Z as a 
homomorphic image. Thus H’(SL(3, F), Z) is not trivial and (*) exists. 
Case 4 
The center of N contains an infinite cyclic subgroup (x). This generalizes 
Case 3. Proceeding as in Case 2, we obtain an “arbitrarily large” normal 
embedding (G,, ri) of N as follows. Let 
G, = (N x G)/K, 
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where G is the group found in Case 3 and K is the infinite cyclic central 
subgroup of N x G generated by the element (x, y-l). Here (v) is the 
infinite cyclic subgroup of the center of G as obtained in Case 3. The 
embedding y, : IV--+ G, is obtained as in Case 2. The assumption of the 
existence of an extreme normal embedding (a ‘I) of N (whence 
(G,, y,) < (H, v)) is contradicted exactly as in Case 2. This completes the 
proof of the theorem. 
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